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Abstract. Using post-Galilean space and time derivatives transformations and quantum
mechanics, we have found a new particle-wave equation besides the Klein-Gordon equation
describing a spinless scalar particle. This new equation can also be obtained from Dirac’s
equation if β = γ

(
1 ± v

c

)
. Biot-Savart law and additional continuity equations are obtained

as a consequence of the invariance of Dirac’s equation and Maxwell’s equations under these
transformations.
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1. introduction

In this paper, we will use the post-Galilean transformation of space and time derivatives.
Applying these transformations to equations describing the motion of a particle moving
with constant velocity yields new physics. The space derivative transformation involves the
Einstein’s energy-momentum relation. The application of these derivatives transformations
to Dirac’s equation yields one of the continuity equations we have developed recently.
The invariance of Maxwell’s equations to these transformations yields the Biot-Savart law.
Applying these transformations to the electric and magnetic fields shows that the electric
and magnetic fields of a moving charged particle are perpendicular to the velocity of the
particle. The invariance of the physical equations under these derivative transformations
yields other fundamental physical equations. Dirac’s and Maxwell’s equations are invariant
under Lorentz transformations. However, the invariance of these equations under the
post-Galilean transformations yields new physics. The equations obtained above from the
requirement of the invariance of post-Galilean transformations represent the physics of the
particle moving at non-relativistic velocity. Any relativistic equations should reduce to these
equations and not to the Newtonian ones.

Einstein’s special theory of relativity hypothesized that physical laws must have the same
form (covariant) for all inertial observers. Moreover, the speed of light in vacuum is constant
irrespective of the velocity of the inertial frame in which it is measured. Accordingly, the
relativistic mechanics is amended so that the mass, energy (kinetic EK , and total E) and
momentum (p) are related by [1]

E = EK + m0c2 , E2 = p2c2 + m2
0c4 , ~p =

~v

c2 E . (1)

Einstein equation of mass and energy is written in the form

E2 = c2 p2 + E2
0 , E0 = m0c2 . (2)

where the relativistic momentum p is related to the non-relativistic momentum po of the
particle moving with velocity ~v by

~p = γ ~po , γ =
1√

1 − v2

c2

. (3)

Moreover, one also has

~p =
~v

c2 E . (4)

In quantum mechanics, the momentum and energy are defined by the operators [2]

~p = −i~ ~∇ , E = i~
∂

∂t
. (5)

Substituting Eq.(5) in Eq.(1) yields the Klein-Gordon equation for a scalar field ϕ, viz.,

1
c2

∂2ϕ

∂t2 − ∇
2ϕ +

(m0c
~

)2
ϕ = 0 , (6)
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According to Eq.(5), Eq.(4) reads

~∇ = −
~v

c2

∂

∂t
. (7)

We define this equation as Einstein’s energy - momentum operator equation. By
squaring Eq.(7), one gets the operator equation

v2

c2

1
c2

∂2

∂t2 − ∇
2 = 0 , (8)

which when acts on a function ψ yields the wave equation,

v2

c2

1
c2

∂2ψ

∂t2 − ∇
2ψ = 0 . (9)

For a photon, one has

1
c2

∂2ψ

∂t2 − ∇
2ψ = 0 , (10)

where v = c. This is the familiar wave equation for a massless particle. Notice here that
Eq.(9) is another equation that describes the scalar particle that is equivalent to the Klein-
Gordon equation. However, unlike the Klein-Gordon equation, Eq.(9) doesn’t embody the
mass of the article explicitly. For a plane wave solution, i.e., ψ ∝ exp−i(ωt − kx), Eq.(9)
yields

c2

v
=
ω

k
= vp , (11)

where vp is the phase velocity of the wave. Thus, Eq.(9) represents the wave equation of
the familiar de Broglie’s wave. Equation (11) gives the familiar relation v = c2

vp
between

the particle and wave velocity in the wave-packet interpretation of quantum mechanics.
Accordingly, Eq.(9) can be written as

1
v2

p

∂2ψ

∂t2 − ∇
2ψ = 0 . (12)

This is a wave equation valid for massive and massless particles. But for massless particles

vp = c. The mass of the particle is hidden in the particle velocity v, since v
c =

√
1 −

(
m0
m

)2
.

This is unlike the Klein-Gordon equation where the mass of the particle appears explicitly in
the equation.

2. Rest energy operator

In quantizing the Einstein energy equation the rest mass energy is not described by an
appropriate operator. In this section we will find out this operator. To this end, we apply
Eqs.(4) in Eq.(1) to obtain

E2
0 = E2 − c2 p2 =

(
1 −

v2

c2

)
E2 ⇒ E0 =

√
1 −

v2

c2 E =
E
γ
. (13)

Hence, using Eqs.(2) and (4), the rest mass operator is

E0 = i~
∂

γ ∂t
. (14)
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This equation suggests that the rest mass operator becomes

m̂0 =
i~

c2γ

∂

∂t
. (15)

This amounts to say that the mass is a dynamical quantity and not just some scalar value. This
equation compliments Eq.(9) and provides the mass of the particle described by the wave
function ψ. It is interesting that applying Eq.(15) to Eq.(1) yields Eq.(8).

3. Post-Galilean transformations

We call the non-relativistic Lorentz transformation

t = t′ +
v

c2 x ′ , x = x ′ + v t ′ , y = y ′ , z = z ′ . (16)

the post-Galilean transformations. The space and time partial derivatives are then
∂

∂t ′
=
∂

∂t
+~v · ~∇ , (17)

and

~∇ ′ = ~∇ +
~v

c2

∂

∂t
. (18)

The continuity equation relating the probability current density, ~J and probability density, ρ

~∇ · ~J +
∂ρ

∂t
= 0 , (19)

under these transformation yields

~∇ · ~J +
∂ρ

∂t
= 0 , ~∇ρ +

1
c2

∂ ~J
∂t

= 0 . (20)

These two equation have been shown to be part of a generalized continuity equations [5]

~∇ · ~J +
∂ρ

∂t
= 0 , ~∇ρ +

1
c2

∂ ~J
∂t

= 0 , ~∇ × ~J = 0 . (21)

These equations are invariant under the transformations in Eqs.(17) and (18). Bear in mind
that the three above equations in Eq.(21) are Lorentz invariant. These equations can be written
as

∂µJµ = 0 , ∂µJν − ∂νJµ = 0 , Jµ =
(
ρc , ~J

)
. (22)

If we consider the current and density transform under post-Galilean as

~J ′ = ~J − ρ~v , ρ ′ = ρ −
~v · ~J
c2 . (23)

In this case the continuity equation will be invariant under the transformations in Eqs.(17) and
(18). It interesting to notice that Klein-Gordon equation is invariant under the transformations
in Eqs.(17) and (18).
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4. Dirac’s equation

Dirac’s equation can be written as

∂ψ

∂t
= − c ~α · ~∇ψ −

iβm0c2

~
. (24)

When this equation is subject to the transformations in Eqs.(17) and (18), one obtains

∂ψ

∂t
+~v · ~∇ψ = −~α ·

~v

c
∂ψ

∂t
− c ~α · ~∇ψ −

iβm0c2

~
, (25)

where we have assumed that ψ ′(x′) = ψ(x). Applying Eq.(24) in Eq.(25), yields

~v · ~∇ψ = −~α ·
~v

c
∂ψ

∂t
. (26)

Take the adjoint of Eq.(26), and multiply it by ψ once and multiply Eq.(26) by ψ+ from right.
The addition of the two resulting equations yields

~v ·

~∇ρ +
1
c2

∂ ~J
∂t

 = 0 , where ρ = ψ+ψ, ~J = ψ+(c~α)ψ , (27)

where ~α+ = ~α and β+ = β. Equation (27) is true if

~∇ρ +
1
c2

∂ ~J
∂t

= 0 . (28)

This equation is nothing but one of our continuity equations in Eq.(21). Thus, Dirac’s equation
is compatible with the generalized continuity equations in Eq.(21), as we have already shown
[5].

5. Electromagnetism and Einstein’s operator equation

The electric and magnetic fields are given by

~E = −~∇ϕ −
∂~A
∂t

, ~B = ~∇ × ~A . (29)

The Lorentz gauge connecting the two fields is given by

~∇ · ~A +
1
c2

∂ϕ

∂t
= 0 . (30)

When this equation is subject to the transformations in Eqs.(17) and (18), one obtains

(~∇ · ~A +
1
c2

∂ϕ

∂t
) +~v · (~∇ϕ +

∂~A
∂t

) = 0 . (31)

Applying Eqs.(29) and (30), one obtains the condition

~v · ~E = 0 . (32)

Hence, the Lorentz gauge is invariant under Eqs.(17) and (18), assuming the fields don’t
change, if the electric field lines are perpendicular to the particle’s velocity. Now apply
Eqs.(17) and (18) to the electric field in Eq.(29) to get

(−~∇ϕ −
∂~A
∂t

) +~v (~∇ · ~A +
1
c2

∂ϕ

∂t
) = 0 . (33)
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This clearly shows that the electric field is invariant under the transformation defined by
Eqs.(17) and (18), provided that the Lorentz gauge is satisfied. If we now assume the
potentials ~A and ϕ do change under post-Galilean transformation, then

~A ′ = ~A −
~v

c2 ϕ , ϕ ′ = ϕ −~v · ~A . (34)

Applying Eqs.(34), (17) and (18) to Eq.(29) yields

~B ′ = ~∇ ′ × ~A ′ = ~∇ × ~A +
~v × ~Eq

c2 = ~B + ~Bq , (35)

and

~E ′ = E −~v × ~Bq , (36)

The magnetic field ~Bq =
~v×~Eq

c2 and the electric fields ~Eq = −~v × ~Bq represent the magnetic and
electric fields of a charge moving with constant velocity. This is given by the Biot-Savart law.

We now apply the transformations in Eqs.(17), (18), (35) and (36) to Maxwell’s equations

~∇ × ~E = −
∂~B
∂t

. (37)

~∇ × ~B = µ0 ~J +
1
c2

∂~E
∂t

, (38)

and

~∇ · ~B = 0 , ~∇ · ~E =
ρ

ε0
. (39)

The invariance of Eq.(37) to Eqs.(17) and (18) requires

~Bq =
~v

c2 ×
~Eq , (40)

so that

~∇ × ~Eq = −
∂~Bq

∂t
, (41)

which shows that the ~Bg and ~Eg satisfy Faraday’s equation too. The invariance of Eqs.(39)
under Eqs.(17) and (18) implies that

~v · ~Bq = 0 , ~v · ~Eq = 0 . (42)

The invariance of Eq.(38) under the transformations Eqs.(17), (18), (35) and (36) implies that

~∇ × ~Bq = µ0 ~J +
1
c2

∂

∂t
(−~v × ~Bq) . (43)

We infer from this equation that the electric field of a moving particle is

~Eq = −~v × ~Bq . (44)

This is also evident from Eq.(36). Hence, the electric and magnetic fields of a moving charge
satisfy Maxwell’s equations [3, 6].

The Lorentz force on a charged particle is given by

~F = q(~E +~v × ~B) . (45)
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Applying the transformations in Eqs.(17) and (18) and using Eqs.(35), (36) and (44) yield

~F ′ = q(~E ′ +~v × ~B ′) = q(~E +~v × ~B) . (46)

Hence, the Lorentz force is invariant under the post-Galilean transformations.
Moreover, applying Eqs.(17) and (18) in Eq.(38), we obtain

∂

∂t
~v × ~E

c2 + (~v · ~∇)~B = 0 , (47)

This can be written as

d~Bq

dt
=
∂~Bq

∂t
+ (~v · ~∇)~Bq = 0 , ~Bq =

~v × ~Eq

c2 . (48)

This implies that the magnetic field created by the moving charged particle is time
independent. Hence, the invariance of Faraday’s law yields the Biot-Savart laws of steadily
moving charged particle.

Similarly, applying Eqs.(17) and (18) in Eq.(37), we obtain

−
∂

∂t
~v × ~Bq +~v · ~∇~Eq = 0 , (49)

which can be written as

d ~Eq

dt
=
∂~Eq

∂t
+ (~v · ~∇)~Eq = 0 , ~Eq = −~v × ~Bq . (50)

This equation shows that the electric field created by a steadily moving charged particle is
time-independent. This conforms with electromagnetism findings. Notice that the Klein-
Gordon equation is invariant under the post-Galliean transformations.

6. Concluding remarks

We have developed in this paper two post-Galilean transformation of space and time
derivatives with which the particle’s dynamics can be expressed. Invariance of Dirac’s
equation and Maxwell’s equations yield the dynamic and the generalized continuity equation
that we already developed. The equations obtained above from the requirement of the
invariance of post-Galilean transformations represent the physics of the particle moving at
non-relativistic velocity. Any relativistic equations should reduce to these equations and not
to the Newtonian ones.
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